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Staffing requirements for service systems are often determined by segmenting time into periods and using a

sequence of steady-state queueing models. The resulting requirements are approximate because nonstationary

and transient effects are not considered. We propose using a non-stationary infinite-server model to determine

staffing requirements for a finite-server model with the same arrival process. We prove that the resulting

staffing requirements are necessary in the sense that the number of servers in a period must be greater than

or equal to that period’s staffing requirement in order to achieve the desired quality of service, regardless of

how the system was staffed in previous periods. The requirements are exact in the sense that no steady-state

approximation is used. We demonstrate the effectiveness of the requirements with numerical examples.
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1. Introduction

The issue of determining staffing levels is relevant to a variety of service systems, such as call

centers and health care facilities. A typical objective is finding minimum staffing requirements that

ensure a desired quality of service (QoS), taking into account the randomness and the predictable

variability in the demand for service. Labor agreements typically limit how often staffing can be

changed and therefore, although the demand rate may vary continuously, staffing must remain

constant over periods that we refer to as planning periods. Although most service systems face

nonstationary demand, most methods to determine staffing requirements are based on the idea of

using a series of tractable stationary models to determine staffing requirements for each planning

period.

A typical approach is to use formulas for stationary finite-server systems to find the minimum

number of servers to ensure the desired QoS in each planning period (where the QoS is usually

defined as the proportion of customers experiencing delays shorter than a given threshold). Two

examples of this approach are the segmented pointwise stationary approximation (Segmented PSA,

Green and Kolesar 1991) and the stationary independent period-by-period (SIPP) approach (Green
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et al. 2001). In Segmented PSA, first, the number of servers required at each epoch within a

planning period is computed, as if the number of servers could be changed at any time. Second,

the staffing requirement for the planning period is set to the maximum of the staffing requirements

within that period. In the SIPP approach, the average arrival rate for each planning period is used

in stationary finite-server system formulas to find the required staffing. Instead of exact formulas,

one can use approximate Square-Root-Staffing formulas (Gans et al. 2003), which decompose the

required staffing into the offered load plus “safety staffing,” proportional to the square-root of the

offered load, to protect against random fluctuations in demand. One justification for this formula

comes from approximating the number of customers in the finite-server system by the number of

busy servers in a stationary infinite-server system with identical arrival process and service times,

which can in turn be approximated by a normal distribution with both the mean and variance

equal to the offered load (Green et al. 2007). Another justification comes from an asymptotic

approximation for the Erlang-C formula in the Quality and Efficiency Driven regime (Halfin and

Whitt 1981), for large systems. Borst et al. (2004) showed how the optimal safety staffing can be

computed given the tradeoff between server costs and QoS.

It is important to keep in mind that methods where staffing requirements are determined for

each period independently are approximations of the real problem, because the queue that builds

up creates a dependence between periods. Atlason et al. (2004) and Ingolfsson et al. (2010) provide

detailed examples illustrating this dependence. The Segmented PSA and SIPP approaches typically

perform well in cases with short service times and short planning periods, but their performance are

likely to deteriorate as service times get longer (Green et al. 2001). In some cases the performance

can be improved with a refinement where a time lag is introduced in the arrival rate function

before the application of the Segmented PSA or SIPP approaches (Green et al. 2001). This time

lag, which shifts the arrival rate function by the mean service time, accounts for the fact that when

service times are longer (and thus customers stay longer in the system) there is a time lag in the

congestion. Although there are many cases where the Segmented PSA or SIPP approaches (or one

of their refinements) provide good solutions for the staffing problem, there are other cases where

these approximations are not reliable, making the QoS fall below the desired threshold, as shown

in Green et al. (2001).

Like the Square-Root-Staffing Formula, the modified-offered-load (MOL) approximation (Massey

and Whitt 1994) and the simulation-based iterative staffing algorithm (ISA, Feldman et al. 2008)

use infinite-server models, with arrival and service processes identical to those of the finite-server

system of interest, as tools to obtain staffing requirements. In the MOL approximation, which we

discuss in Section 6, the mean number of busy servers in a nonstationary infinite-server system is

used to construct an arrival rate function that is used as input for an approach similar to Segmented
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PSA and SIPP. The ISA starts by simulating the time-dependent distribution of the number of

customers in an infinite-server system. This distribution is used to obtain a staffing function that

satisfies the QoS target at all times. The system is then simulated again, using the staffing function

constructed in the previous step, in order to obtain a new distribution for the number of customers

in the system. The algorithm iterates between generating staffing functions and simulating the

system until the staffing functions stabilizes. Since the ISA is based on simulation, it can be used

for systems with general interarrival and service time distributions and under different end-of-shift

policies, which specify what happens to customers when their servers are scheduled to leave but

the service is not yet completed. Feldman et al. (2008) prove the convergence of the algorithm

(using stochastic ordering) for the special case of a nonhomogeneous Poisson arrival process and

exponentially distributed service and abandonment times. The proof does not explicitly consider

the end-of-shift policy. The result we prove here, on the other hand, is for a more general system,

and we explicitly consider end-of-shift policies. Zeltyn et al. (2010) also use the simulation of an

infinite-server system, keeping track of the number of busy servers, to estimate the offered load

and later recommend staffing levels for a network of resources in an emergency department.

Staffing requirements are often used as inputs for staff scheduling, which incorporates constraints

on available shifts and tours, in addition to the QoS constraints. Alternatively, the staffing and

scheduling problems can be solved jointly—see for example the methods proposed Ingolfsson et al.

(2010) and Atlason et al. (2008), both of which perform well when average service times are long

and arrival rates are highly variable. Both methods employ lower bounds on the number of servers

necessary to ensure the desired QoS, with tighter bounds being likely to increase their speed. Our

infinite-server staffing requirements provide such bounds, as we discuss further in Section 4. Other

scheduling methods (for example, Atlason et al. 2004, Cezik and L’Ecuyer 2008) assume the QoS is

concave in the staffing levels. Since this is not true in general, these authors suggested adding lower

limits on the staffing levels to limit themselves to the “concave” region, but without proof that the

limits chosen were necessary to achieve the desired QoS. Bounds that are provably necessary, such

as the ones we provide, might improve the effectiveness of these methods.

Bounding a finite-server system with an infinite-server system, as we do, is useful because infinite-

server systems are easier to analyze. For example, compare the solution of an M(t)/M/s system

with that of an otherwise identical M(t)/M/∞ system, by numerically solving the forward dif-

ferential equations. The former requires the solution of an infinite set of differential equations, so

one must truncate the state space, at some system capacity K, chosen to so that the probability

of reaching state K is small. The infinite-server system requires less computational effort, because

it will have fewer customers, so that one can truncate at a smaller capacity K. Furthermore, if

the system starts empty, then the state probabilities for the infinite-server system follow a Poisson
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distribution at all times, so it suffices to solve a single differential equation, for the mean of the

Poisson distribution (Eick et al. 1993b).

We now describe another reason that infinite-server bounds are useful. To compute or estimate

the virtual waiting time distribution for a nonstationary system, one can often use the following

approach: (1) compute the probability distribution for the number in the system at all times (using

simulation or numerical evaluation) and (2) compute the waiting time distribution, conditional

on the number in the system. Step (1) typically requires much more computation than step (2).

If one wishes to compare the virtual waiting time distributions (or functions thereof) for several

staffing functions for a finite-server system, then one needs to perform both steps for every staffing

function. But we will see that, depending on the end-of-shift policy, in order to compute our bounds

on the virtual waiting time distribution for several staffing level functions, step (1) only needs to

be performed once.

We make the following contributions: (1) We prove that the virtual waiting time process in a

system with a general arrival process, independent generally distributed service times, and time-

varying number of servers with either a preemptive or an exhaustive end-of-shift policy is stochas-

tically larger than a “pseudo virtual waiting time process” that we construct from an infinite-server

but otherwise identical system. (2) We use the infinite-server system to compute lower bounds

on staffing for the finite-server system in order to satisfy QoS constraints. In contrast to most

work on staffing requirements for queueing systems, these lower bounds are exact (rather than

approximate) and they represent necessary (rather than approximately sufficient) conditions for

satisfying the QoS constraints. (3) We provide stochastic ordering results for queueing systems

with a time-varying number of servers, explicitly modelling the end-of-shift policy—an aspect that

we believe has not received sufficient attention. Most previous work allows the arrival rate and the

service rate to vary with time, but not the number of servers. Therefore, these stochastic ordering

results cannot be used to generate exact staffing requirements. Feldman et al. (2008) presented

stochastic ordering results for systems with a time-varying number of servers, but they only con-

sidered Markovian systems and they did not address the end-of-shift policy in their proofs. (4)

We compare the lower bounds to other methods to generate staffing requirements, in terms of

computation time and accuracy. (5) We demonstrate that the lower bounds can be used to speed

up previously-published shift scheduling algorithms.

In Section 2 we review stochastic ordering definitions and results. In Section 3 we define the

pseudo virtual waiting time for infinite-server systems and obtain stochastic ordering results com-

paring it to the virtual waiting time in related finite-server systems. In Section 4 we use these

results to obtain relationships between various performance measures for the finite- and infinite-

server systems and to obtain staffing requirements. In Section 5 we discuss how to evaluate the
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performance of infinite-server systems. In Section 6 we show the results of computational experi-

ments comparing our lower bounds with the MOL approximation and the SIPP approach. We also

demonstrate that our lower bounds can be used to speed up the method in Ingolfsson et al. (2010).

We summarize our results in Section 7.

2. Stochastic Ordering and Notation

We start by defining the usual stochastic ordering between stochastic processes. A random variable

X is stochastically larger than the random variable Y , denotedX ≥st Y , if Pr{X >a} ≥Pr{Y > a},

for all a (Ross 1996). This relation is generalized to say that a stochastic process {X(t), t≥ 0} is

stochastically larger than a process {Y (t), t≥ 0} if X(t)≥st Y (t) for all t (Muller and Stoyan 2002).

The basic idea behind most stochastic order relations between queueing systems is to show

that, under specific circumstances, if the interarrival times decrease and the service times increase,

the number of customers in the system increases. Whitt (1981) reviews such results for a variety

of systems, including ones by Daley and Moran (1968), Jacobs and Schach (1972), Sonderman

(1979a,b), and Bhaskaran (1986). In general, it is harder to obtain stochastic ordering results when

the assumptions of Poisson or renewal arrival processes and exponentially distributed service times

are relaxed. This is especially true when we want to obtain an ordering between the virtual waiting

times for systems with different number of servers, which is our goal in this paper.

We use G/G/s to denote a queueing system with a general arrival process, generally distributed

service times, s servers, and infinite waiting room capacity. We add the argument (t) to indicate

nonstationary processes. For systems with time-varying number of servers, we use EXH to denote

an exhaustive end-of-shift policy, where servers that are scheduled to leave finish the jobs they

had already started (if any) before leaving, and PRE to denote a preemptive end-of-shift policy,

where customers being served by servers that are scheduled to leave are sent back to the head

of the queue. We use +G to indicate systems with generally distributed abandonment times. We

replace G with GI when the arrivals follow a renewal process and also when the service times

or abandonment times are independent and generally distributed. Similarly, we replace G with

M when the arrival process is Poisson and when the service times or abandonment times are

independent and exponentially distributed. So, for example, G(t)/M/s(t)///EXH+GI denotes a

system with a nonstationary general arrival process, independent exponentially distributed service

times, a time-varying number of servers following an exhaustive end-of-shift policy, and independent

identically distributed abandonment times.

We denote by Nj(t) the total number of customers and Wj(t) the virtual waiting time in system

j at time t. For system j, the interarrival time between customers i− 1 and i is X i
j, customer i’s

service time is Si
j, and customer i’s patience time is P i

j . We use Aj(t), Dj(t), and Lj(t) for the
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cumulative number of arrivals, departures, and abandonments up to time t in system j and Pj for

the sequence of patience times
{

P 1
j , P

2
j , . . .

}

.

3. Comparing Finite and Infinite-Server Queues

Consider a G(t)/G/s and a G(t)/G/∞ queue with identical interarrival times {X1,X2, . . .} and

service times {S1, S2, . . .} for all customers. We index the two systems with j = F for “finite” and

j = I for “infinite” and we drop the superscript j for the system on the cumulative number of

arrivals A(t) because that process is identical for the two systems. The virtual waiting time for the

finite-server system is (see, for example, Mandelbaum et al. 2002):

WF (t) =min{r≥ 0 :DF (t+ r)≥A(t)− (s− 1)} . (1)

The true virtual waiting time in the infinite-server system is zero, but we compare the finite-

server system virtual waiting time to what we call the pseudo virtual waiting time WI(t) in the

infinite-server system, which we define, by applying the finite-server definition (1) to the infinite-

server system, as follows:

WI(t) =min{r≥ 0 :DI(t+ r)≥A(t)− (s− 1)} . (2)

Note that WI(t) is computed using the number of servers, s, in the finite-server system.

We show that the finite-server virtual waiting time is at least as large as the infinite-server pseudo

virtual waiting time for all sample paths, first for a fixed number of servers and later extending the

basic result to a time-varying number of servers with an exhaustive or a preemptive end-of-shift

policy, as well as systems with abandonment.

3.1. Queues with a Fixed Number of Servers

Theorem 1. For a G(t)/G/s system and a G(t)/G/∞ system with identical interarrival and

service times for all customers and NF (0)≥NI(0), it holds that:

Pr {WF (t)≥WI(t)}= 1. (3)

Proof The arrival epochs and service times for every customer are the same in both systems.

Therefore, every customer’s departure epoch in the infinite-server system is equal or earlier than

in the finite-server system, which implies that DI(t)≥DF (t), for all t and min{r≥ 0 :DI(t+ r)≥

c} ≤min{r≥ 0 :DF (t+ r)≥ c}, for any c. Using (1) and (2) it follows that WI(t)≤WF (t) for all t.

�

Sample path ordering implies the usual stochastic ordering (Ross 1996), and therefore:
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Corollary 1. For the two systems defined in Theorem 1:

WF (t)≥st WI(t) (4)

Note the simplicity of the proof of Theorem 1, compared to most stochastic ordering proofs

for queueing systems in the literature, which typically use coupling and thinning arguments. The

simplicity stems from our use of the same arrival and service process in the two systems that we

compare, as opposed to identically distributed but separate processes for the two systems. Our

use of identical arrival and service processes does not limit the usefulness of our results, because

we compare a real finite-server system to a parallel but fictional infinite-server system whose only

purpose is to aid in the analysis, as opposed to comparing two real systems.

3.2. Queues with a Time-Varying Number of Servers

When the number of servers s(t) varies with time, we extend the virtual waiting time definitions

to:

WF (t) =min{r≥ 0 :DF (t+ r)≥A(t)− (s(t+ r)− 1)} , (5)

WI(t) =min{r≥ 0 :DI(t+ r)≥A(t)− (s(t+ r)− 1)} , (6)

Let R= {t1, t2, ...} be the set of all epochs where s(t) changes, ∆= {δ1, δ2, . . .} be the number of

servers scheduled to leave, and Γ= {γ1, γ2, . . .} be the number of servers that arrive at each epoch

in R. Note that both δi and γi can be positive for the same epoch ti, if some servers are scheduled

to leave and other servers arrive at the same epoch. Let t− and t+ denote the instants immediately

before and after t, respectively.

In the interval 0≤ t≤ t1, assuming NI(0)≥NF (0), Theorem 1 implies that:

Pr{WF (t)≥WI(t)}= 1 for 0≤ t≤ t1.

Suppose that s(t−1 ) = s0. When the γ1 servers arrive, they begin serving the customers waiting

in line, if any. As a result, these customers will depart earlier than if no new servers had arrived,

but no earlier than in the infinite-server system, so the logic in the proof of Theorem 1 continues

to hold.

When a server is scheduled to leave the system, we need to specify what will happen to the

customer he is serving, if any. With a preemptive discipline, a customer could enter service multiple

times (if preempted), in which case the virtual waiting time in (5) represents the time from arrival

at t until service begins for the first time. A preemptive discipline may not be realistic if the

customers and servers are human, in which case an exhaustive discipline could be more appropriate.

We treat both the preemptive and the exhaustive discipline.
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3.2.1. Preemptive Discipline The central argument in the proof of Theorem 1 relies on

the fact that every customer leaves the infinite-server system no later than in the finite-server

system. As noted above, this remains true when new servers arrive. It also remains true when

servers depart, because the return of a customer to the head of the line will delay the departures

even further. Therefore, Theorem 1 holds when the number of servers varies with time, under a

preemptive discipline.

3.2.2. Exhaustive Discipline Under this discipline, although the physical number of cus-

tomers waiting and receiving service at t+1 remains the same as at t−1 , the number of customers

affecting the delay of future customers changes.

Let δNF be the number of servers who are scheduled to leave at t1, but stay in the system

to finish a service they started before t1. We define s1 = s0 + γ1 − δ1 as the number of scheduled

servers for t∈ (t1, t2], excluding servers who stayed longer to finish service. We use s1—the number

of servers available to start new services—in the computation of the virtual waiting time in (t1, t2].

Also, we define NF (t
+
1 ) as the number of customers who are either in the queue or being served by

servers scheduled to work in t∈ (t1, t2], i.e., we exclude customers who are being served by servers

who were scheduled to leave the system but stayed to finish their jobs.

In other words, we model the server departures at time t1 by “ejecting” from the system any

customers that the δ1 servers scheduled to leave were serving. In reality, the customers are not

ejected; they stay in the system until their service is completed. But these customers do not impact

the waiting times of future customers and therefore it is not necessary to model what happens to

them. When we consider ejections, the number of customers in the finite-server system who impact

the waiting times of future customers might change at t1. If NF (t
−

1 )≥ s0, all servers will be busy

and therefore δ1 customers and servers will be ejected from the system. If NF (t
−

1 )< s0, the number

of ejected customers will be between 0 and δ1. As shown in Ingolfsson et al. (2007), if δ1 servers

are scheduled to leave at time t1, with s0 servers and NF (t
−

1 ) customers in the system at t−1 , the

probability of δNF customers being ejected follows a hypergeometric distribution:

φ(δNF ; δ1, s0,NF (t
−

1 )) =

(

NF (t
−

1 )

δN

)(

s0 −NF (t
−

1 )

δ1 − δNF

)

(

s0
δ1

) , for NF (t
−

1 )<s0 (7)

(Ingolfsson (2005) assumes a Markovian system but the formula above holds more generally.) If we

let πF (t) = (πF
0 (t), π

F
1 (t), ...), where πF

i (t) = Pr{NF (t) = i}, be the system’s occupancy-probability

vector at time t1, then we have:

πF (t+1 ) = πF (t−1 )BF (t1), (8)
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where BF (t1) is a transition probability matrix with the following non-zero elements:

bnF ,nF−δ1 = 1, for nF = s0, s0 +1, ...
bnF ,nF−δn = φ(δn; δ1, s0, nF ), for nF =0,1, ..., s0 − 1 and

nF − (s0 − δ1)
+ ≤ δn≤min(δ1, nF ).

(9)

The cumulative number of departures in the finite-server system increases after ejection, so in

order to guarantee that the ordering DF (t
+
1 )≤DI(t

+
1 ) is maintained, we need to eject customers

in the infinite-server system as well. We discuss two possible ways of doing this. Let πI(t) =

(πI
0(t), π

I
1(t), ...), where π

I
i (t) =Pr{NI(t) = i}, be the infinite-server system’s occupancy-probability

vector at epoch t1. First, suppose we eject δNI =min(NI(t
−

1 ), δ1) customers from the infinite-server

system, that is, we eject one customer for every server that is scheduled to leave, up to the total

number of customers in the system. Thus we have:

πI(t+1 ) = πI(t−1 )H(t1), (10)

where H(t1) is the instantaneous transition matrix with the following non-zero elements:

hnI ,0 =1, for nI =0,1, . . . , δ1
hnI ,nI−δ1 =1, for nI = δ1 +1, δ1 +2, ...

(11)

We now show that the ordering between NI and NF , and WI and WF , is maintained after the

ejection. Recall that the customer arrival epochs and service times are the same in the finite-

and infinite-server systems. There are only two possibilities for the number of ejections in the

infinite-server system:

1. If NI(t
−

1 )≤ δ1, all customers in the infinite-server system are ejected,NI(t
+
1 ) = 0, and therefore

the relationship NF (t
+
1 ) ≥ NI(t

+
1 ) is maintained. Furthermore, since the infinite-server system is

empty at t+1 , WF (t
+
1 )≥WI(t

+
1 ).

2. IfNI(t
−

1 )> δ1, δNI = δ1. Since 0≤ δNF ≤ δ1, it follows that δNF ≤ δNI and thereforeNF (t
+
1 ) =

NF (t
−

1 ) − δNF ≥ NI(t
−

1 ) − δNI = NI(t
+
1 ). In order to guarantee that the relationship WF (t

+
1 ) ≥

WI(t
+
1 ) also holds it suffices to construct the ejections in the finite-server system from the ejections

in the infinite-server system, such that the δNF customers ejected from the finite-server system are

a subset of the δNI customers ejected from the infinite-server system.

This argument can be repeated to show that Pr{WI(t)≤WF (t)}=1 for all t.

We summarize the comparison results for systems under preemptive and exhaustive disciplines

in the following theorem.

Theorem 2. Consider a finite-server system and an infinite-server system with identical inter-

arrival and service times for every customer, with NF (0)≥NI(0). It follows that:

1. If the finite-server system is G(t)/G/s(t)///PRE and the infinite-server system is G(t)/G/∞,

Pr{WF (t)≥WI(t)}=1. (12)
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2. If the finite-server system is G(t)/G/s(t)///EXH and the infinite-server system is G(t)/G/∞

with customers ejected according to matrix H in (11),

Pr{WF (t)≥WI(t)}=1. (13)

We also examine an alternative way of ejecting customers from the system, with the occupancy-

probabilities in the infinite-server system undergoing instantaneous transitions according to the

matrix BI , which has the following non-zero elements:

bnI ,nI−δ1 =1, for nI = s0, s0 +1, ...
bnI ,nI−δn = φ(δn; δ1, s0, nI), for nI =0,1, ..., s0 − 1 and

nI − (s0 − δ1)
+ ≤ δn≤min(δ1, nI).

(14)

For this case we prove the following theorem (proof in Appendix A):

Theorem 3. Consider a G(t)/G/s(t)///EXH finite-server system and a G(t)/G/∞ infinite-

server system with identical interarrival and service times for every customer and with customers

ejected according to matrix BI in (14), with NF (0)≥NI(0). It follows that:

NF (t)≥st NI(t). (15)

If we further assume that the service times are independent and identically distributed, according

to an exponential distribution, it follows that:

WF (t)≥st WI(t). (16)

Note that for both ordering results we have proven for systems under an exhaustive discipline, the

associated infinite-server system depends on the staffing function s(t) through the instantaneous

transition matrices.

3.3. Queues With Abandonment

Now we fix the number of servers at s but assume that the customers are impatient, with patience

times P = {P1, P2, . . .}. Throughout the paper, whenever we say “earlier” we mean “at the same

time or earlier”. Following Mandelbaum et al. (2002), we obtain the virtual waiting time at time

m for an infinitely patient customer through a modified version of the original system with the

arrival process interrupted at time m. Let Am(t), Dm
F (t), and Lm(t) denote the cumulative number

of arrivals, departures, and abandonments up to time t in a modified version of a G(t)/G/s///+G

system with no arrivals after time m. Then the virtual waiting time for the modified system is

given by:

Wm
F (t) =min{r≥ 0 :Dm

F (t+ r)+Lm(t+ r)≥Am(t)− (s− 1)} . (17)
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For the original system, we have WF (t) = W t
F (t), for t ≥ 0. We use the modified system with

interrupted arrivals to define WF (t) to avoid situations where a customer arriving after time t

abandons and causes DF (t+ r) to increase for some r≥ 0, which could affect WF (t), even though

the virtual waiting time at t should not change.

We show that the virtual waiting time in a G(t)/G/s///+G system is bounded by one infinite-

server system if the service times are stochastically larger than the patience times, and by another

infinite-server system if the service times are stochastically smaller than the patience times. We

use superscripts 1 and 2 to denote quantities in infinite-server systems 1 and 2, respectively. Let

=st mean “equal in probability”.

Theorem 4. Consider a finite-server system G(t)/G/s///+G, with service time sequence SF .

Let infinite-server systems 1 and 2 have the same arrival process as the finite-server system, set

the service time sequence for system 1 equal to that of the finite-server system (S1
I =st SF ), and

set the service time sequence for system 2 equal to the patience time sequence for the finite-server

system (S2
I =st P ). Assume that NF (0)≥N1

I (0) and NF (0)≥N2
I (0). It follows that:

1. If SF ≤st P , then WF (t)≥st W
1
I (t).

2. If SF ≥st P , then WF (t)≥st W
2
I (t).

Proof 1. Let the arrival epochs and service times for each customer be identical in the finite-

and infinite-server systems. Given that S1
I =st SF ≤st P , we can construct patience times that

are larger than the service times in the finite-server system and in infinite-server system 1, for

all customers. Thus we know that for every abandonment in the finite-server system there is an

earlier departure due to service completion in infinite-server system 1. We also know that for every

departure due to service completion in the finite-server system there is an earlier departure due

to service completion in infinite-server system 1. Therefore we have DF (t)+L(t)≤D1
I(t) and also

Dt
F (t)+Lt(t)≤D1

I(t) for all t. Using (17) and (1) we have:

W 1
I (t) =min{r≥ 0 :D1

I(t+r)≥A(t)−(s−1)}≤min{r≥ 0 :Dt
F (t+r)+Lt(t+r)≥A(t)−(s−1)}=W t

F (t).

From this construction, we conclude that W 1
I (t)≤st WF (t), for all t.

2. Similar to the proof for case 1, except we construct the patience times to be smaller than or

equal to the service times, rather than greater than or equal.

�

The arguments in Sections 3.2.1 and 3.2.2 can be repeated to show that the relation-

ships W 1
I (t) ≤st WF (t), for SF ≤st P , and W 2

I (t) ≤st WF (t), for SF >st P also hold for

G(t)/G/s(t)///PRE+G and G(t)/G/s(t)///EXH+G systems.
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Theorems 1 and 2 provide sample-path orderings for the virtual waiting time but with aban-

donments, we only prove a weaker stochastic ordering. The reason is that even if the service times

are stochastically larger (smaller) than the patience times, some customers could have a service

time that is smaller (larger) than his patience time. Also note that if the service and patience

time sequences are i.i.d., then Theorem 4 covers all possibilities, but if one or both sequences are

not i.i.d., then it is possible that the service time sequence is neither stochastically larger nor

stochastically smaller than the patience time sequence.

4. Comparing Performance Measures

In Section 3, we proved sample path ordering (Pr{WF (t)≥WI(t)}= 1) for queues without aban-

donment and stochastic ordering (WF (t)≥st WI(t)) for queues with abandonment. We show how

this implies orderings for various QoS measures and we point out one exception.

Perhaps the most common QoS measure is the proportion of customers experiencing delays

less than or equal to some threshold, i.e., SL(t) = P{WF (t)≤ τ}. Stochastic ordering implies that

P{WF (t) ≤ τ} ≤ P{WI(t) ≤ τ}. Thus, the number of servers required to ensure that P{WI(t)≤

τ} ≥ α is less than or equal to that required to ensure that P{WF (t)≤ τ} ≥ α, which leads to a

lower bound on the number of servers required to maintain a given QoS. The sample path ordering

also implies E[WF (t)] ≥ E[WI(t)], and therefore the pseudo virtual waiting time can be used to

obtain lower bounds on staffing requirements if the expected waiting time is used as a performance

measure.

The instantaneous measure Pr{W (t)≤ τ} cannot be measured in a real queue, or in a simulation

model. Instead, one typically uses averages over planning periods. Let S̄L
i

F and S̄L
i

I denote the

time average QoS in planning period i in the finite- and infinite-server system. Since these time

averages are weighted averages of instantaneous service levels, which are ordered at each instant,

it follows that S̄L
i

F ≤ S̄L
i

I .

Koole (2005) proposed an alternative QoS measure, called average excess (AE), defined as the

average excess waiting time beyond an acceptable waiting threshold, given that the threshold is

exceeded: AE=E[W (t)−τ |W (t)> τ ]. This measure has the advantage of eliminating the incentive

for managers to give priority of service to customers who have not exceeded the waiting threshold

yet (which would make the customers who exceeded the waiting threshold wait even longer). We

have that:

E[WF (t)− τ |WF (t)> τ ] =

∫

∞

0

P{WF (t)> τ + a}

P{WF (t)> τ}
da (18)

and similarly for E[WI(t)− τ |WI(t)> τ ]. In this case the sample path ordering of WF and WI does

not necessarily imply the stochastic ordering of the QoS measure. In this case a (stronger) hazard

rate order would be required, where P{WF (t)> τ + a|WF (t)> τ} ≥ P{WI(t)> τ + a|WI(t)> τ}
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(Muller and Stoyan 2002). As shown in the example in Appendix B it is possible for two variables

to be ordered with probability one even though their distributions are not ordered in the hazard

rate ordering.

For systems with abandonment, another commonly used QoS measure is the probability of

abandonment P ab(t) at time t. Given WF (t) ≥st WI(t) (Theorem 4) and the probability density

function (pdf) of the customer patience times, fP , (assumed to exist), we can write:

P ab
F (t) =

∫

∞

0

P{WF (t)> p}fP (p)dp≥

∫

∞

0

P{WI(t)> p}fP (p)dp= P ab
I (t), (19)

and we can obtain a lower bound for systems with abandonment when this QoS measure is used.

Our results in Section 3 also hold for systems operating for a finite time interval [0, T ]. In these

systems virtual waiting times are not relevant after shut down, as new customers will not be

admitted, but the time interval from T until all remaining customers have been served, CF , can be

an important QoS measure. Reducing this measure is typically in both the customers’ and system

operator’s interest (to reduce overtime payments). Let CF be:

CF = inf{r|DF (T + r) =A(T )}, (20)

and similarly for its infinite-server counterpart CI . Since DF (t) ≤st DI(t), then CI(t) ≤st CF (t).

That is, the time until all the work is finished and all servers leave in the finite-server system is

stochastically larger than in the infinite-server system.

5. Performance Evaluation in the Infinite-Server System

To compute infinite-server based lower bounds, we need to evaluate the QoS in infinite-server

systems efficiently. Typically, this involves two steps: (1) Compute the system’s occupancy prob-

abilities, πn(t), and (2) compute the probability of the waiting time not exceeding an acceptable

threshold τ , given the occupancy of the system. We will discuss these two steps separately. We

focus on the most common QoS measure, that is, SL(t).

Closed-form solutions exist for the occupancy probabilities of M(t)/G/∞ systems that start

empty: The number of customers in the system follows a Poisson distribution (Eick et al. 1993a,b),

with a time-dependent mean m
∞
(t) obtained from a differential equation for M(t)/M/∞ systems

and from an integral equation for M(t)/G/∞ systems. Unfortunately, if the system does not start

empty (for example, because of the type of instantaneous transition involved in our modeling of the

exhaustive discipline) then the occupancy distribution is no longer Poisson. However, Nelson and

Taaffe (2004) show how to obtain (exactly) the mean, variance and higher moments of the distri-

bution of the number of customers in a Ph(t)/Ph(t)/∞ system, where the interarrival and service

times have time-dependent phase type distributions. The moments could be used to approximate
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the occupancy probability for any n, but this requires one to assume an approximate “closure”

distribution, as in Rothkopf and Oren (1979).

In M(t)/M/∞ systems, the occupancy probabilities can be computed directly by solving an

infinite set of ordinary differential equations (ODEs) (the Chapman-Kolmogorov forward equations,

see Kleinrock 1974). This infinite set of equations can be approximated by a finite number K +1

of equations (with K large enough to ensure that πk(t) is small) that can be solved using a general

ODE solver or using the randomization method (Grassmann 1977).

When no analytical results are available, the occupancy probabilities can be estimated using sim-

ulation, by simulating m sample paths for the time-dependent number of customers in the system

Ni(t), i∈ {1, . . . ,m} and estimating the occupancy probabilities using (1/m)
∑m

i=1 1{Ni(t) = n}.

The second step is to compute the distribution of the pseudo-virtual waiting time conditional

on the system occupancy. Let W nI
I (t) denote the pseudo-virtual waiting time for a customer that

arrives at epoch t and finds nI customers in the system. The probability that W nI
I (t)> τ is the

probability that there are not enough departures from the system in τ time units to free at least

one server. If the number of servers in the finite-server system is constant in the interval [t, t+ τ ],

we can write, for a G(t)/M/∞ system with service rate µ:

P (W nI
I (t)> τ) =

{

∑n−s(t)

i=0
aie−a

i!
, if nI ≥ s(t)

0, otherwise
(21)

where a= µs(t)τ (observe that this calculation is independent of the arrival process (Whitt 1999)).

The computation of P (W nI
I (t)> τ) in cases where s(t) changes in the interval [t, t+ τ ] can be

easily generalized for G(t)/M/s(t) systems under an exhaustive discipline, as shown in Ingolfsson

et al. (2007), while forG(t)/M/s(t) systems under a preemptive discipline the computations become

more complicated, as discussed in Green and Soares (2007). But notice that s(t) changing in

[t, t+ τ ] would not be a concern for a wide variety of systems, where τ is small in comparison to

the staffing periods, such as call centres. Whitt (1999) points out that for systems with general

i.i.d. service times S following a distribution G, the distribution of the remaining service time for

a customer who has been in service for an unknown amount of time can be approximated by the

stationary-excess distribution:

Ge(t) =
1

E[S]

∫ t

0

[1−G(u)]du, t≥ 0. (22)

We can approximate P (W nI
I (t)> τ) by

nI−s(t)
∑

i=0

(

nI

i

)

Ge(τ)
i[1−Ge(τ)]

nI−i. (23)
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Once we’ve computed P (W n
I (t) > τ) we can compute the distribution of the pseudo virtual

waiting time (a lower bound for the QoS in the parallel finite-server system) as follows:

P (WI(t)≤ τ) = 1−P (WI(t)> τ) = 1−
+∞
∑

n=s(t)

P (W nI
I (t)> τ)πn(t). (24)

6. Computational Experiments

We performed computational experiments to investigate the following issues: (1) how close to

feasibility (that is, satisfying QoS targets at all times) are our lower bounds, (2) what is the impact

of using an exhaustive rather than preemptive end-of-shift policy, (3) can our lower bounds be

“repaired” to make them feasible, (4) the suitability of our lower bounds for two real-world service

systems (an emergency department and a call center), and (5) can our lower bounds be used to

enhance the efficiency of a previously proposed staff scheduling algorithm.

We ran tests on a 3.16 GHz Windows 64-bit server with 32 Gb of RAM. We wrote the code in

Matlab and used the randomization method to compute transient state probabilities. We solved the

staff scheduling optimization problems using the Tomlab optimization environment (Holmström

1999), with CPLEX 11 used to solve linear and integer programs.

6.1. Comparison of Staffing Requirements: SIPP, MOL and Our Lower Bound

In this subsection we compare our lower bounds to SIPP and MOL staffing requirements. We

used the 27 test cases presented in Ingolfsson et al. (2010), which represent situations where

the SIPP approach performs poorly (Green et al. 2003). A sinusoidal arrival rate of the form

λ(t) = λ{1 + γ sin(πt/4)} was used to define the nonhomogeneous Poisson arrival process. The

12-hour planning horizon was divided into smaller calculation periods where the arrival rate was

assumed to be constant. The parameter γ was set to 1 and the test problems were generated by

varying the service rate (µ= 1,2 and 4), the average offered load (r= λ̄/µ= 16,32 and 64, where

λ̄= λ(1+ 2γ/(3π)), and the length of the planning period (δ = 0.25,0.5 and 1 hours). The target

QoS requirement considered was P{WF (t)≤ 0} ≥ 80%. We used Matlab to compute the average

number of customers (or number of busy servers) m(t) in the M(t)/M/∞ system. We computed

our lower bound and the QoS for all test cases assuming a preemptive end-of-shift policy.

Figure 1 shows our lower bound and the SIPP and MOL staffing requirements for a test case

with µ= 2, r = 16, and δ = 0.25. We see that the MOL requirements are at all times above and

the SIPP requirements are often below our lower bound, which means that the QoS for the SIPP

approach goes below the target in some of the planning periods. This pattern was repeated in

the 27 test cases. The MOL requirements guaranteed the desired QoS in all test cases, with an

average minimum QoS of 83.1%, while our lower bound only guaranteed it in one case and the
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Figure 1 MOL requirements, SIPP requirements, and our lower bound for the case with µ=2, r=16, and

δ = 0.25.

SIPP requirements did not guarantee it in any of the test cases. The average minimum QoS for

the SIPP requirements was 2.0%, with the QoS being below 80% on average 52.2% of the time.

For our lower bound, the average minimum QoS was 77.0%, with the QoS being below 80% on

average 17.5% of the time. Since our lower bound is not intended to be sufficient, we would expect

the QoS to dip below 80% in some periods. What should be noted is that our lower bounds are

very close to being sufficient, despite being on average 2.9% cheaper than the MOL requirements.

6.2. Repairing Our Lower Bounds

We used the method in Ingolfsson et al. (2010) (hereinafter referred to as the ICWC method)

to “repair” our lower bounds, that is, increase the staffing requirements until the QoS target is

achieved at all times. The ICWC method alternates between a schedule generator and a schedule

evaluator to find low cost feasible solutions to the staffing problem, starting with a lower bound

on the number of servers needed to ensure the minimum QoS in each period. In the experiments

in this section we used our lower bound as a starting point for the ICWC method. Our goal was to

obtain staffing requirements and therefore we did not include any shift constraints. We assumed a

preemptive end-of-shift policy to permit comparison to the MOL staffing requirements. Since the

set of test problems used here was the same as in Ingolfsson et al. (2010), our parameter settings

for the ICWC method follow their recommendations.

Figure 2 shows the requirements obtained when our lower bound was used as a starting point

for the ICWC method (we refer to these requirements as “our lower bound, repaired”) along with

the MOL staffing requirements for the same test case as in Figure 1 (µ= 2, r= 16, and δ = 0.25).

Our lower bounds, repaired by the ICWC method, were always less than or equal to the MOL

requirements, while still ensuring the target QoS of 80%.

Table 1 summarizes the results for the 27 test cases. We see that our repaired lower bounds have

lower costs than the MOL requirements in all test cases (average of 1.8% decrease in cost). Also,
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Figure 2 MOL requirements and our lower bound, repaired by the ICWC method, for the case with µ=2,

r= 16, and δ =0.25.

both sets of requirements guaranteed the desired QoS of 80% at all times. It is important to note

that when we start the ICWC method from our lower bound the feasible staffing requirements are

found very quickly (the total time for computing our lower bound and running the ICWC method

was on average 30 seconds per test case), making this method of finding staffing requirements

competitive with approximations such as MOL and SIPP.

6.3. Preemptive vs. Exhaustive Discipline

If the servers had followed an exhaustive (instead of a preemptive) end-of-shift policy, we would

expect our lower bounds to be no higher than the ones in the previous section, because the servers

would sometimes stay longer in the system to finish their services. We compared our lower bounds

for the 27 test cases under a preemptive and an exhaustive discipline, both when customers are

ejected from the infinite-server system according to matrix H in (11) and according to matrix BI

in (14). For the exhaustive discipline computations, if the scheduled number of servers increased

by δs at time t, we assumed that this occurred because δs servers began work, and conversely, if

the scheduled number of servers decreased by δs at time t, we assumed that this was because δs

servers were scheduled to end their shift. In other words, we assumed that there were no epochs

where some servers were scheduled to begin and others were scheduled to end work. Figure 3 shows

our lower bound under preemptive and exhaustive disciplines for the same test case as in Figure

1. We see that the exhaustive discipline lower bounds are never above the preemptive discipline

lower bounds. As expected, the total costs of our lower bounds under exhaustive discipline are

always lower than under a preemptive discipline (on average 12.4% lower when we use matrix

H and 10.6% lower when we use matrix BI). Moreover, in each period, the required number of

servers under a preemptive discipline is always at least as large as the number required under an

exhaustive discipline. The lower bounds that use the H matrix have lower costs (on average 476.8

versus 485.5), lower minimum service levels (on average 39.6% versus 69.4%) and higher fractions
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Table 1 Results of the ICWC using our lower bound as a starting point for the 27 test cases.

ICWC with Our Lower
MOL Bound – Requirements % Decrease in Cost

Min Min Total No. with ICWC +
µ ρ δ Cost SL(t) Cost SL(t) Time (min) Iter. Our Lower Bound
1 16 0.25 239.0 83.1% 234.8 80.2% 0.36 4 1.8%
1 16 0.5 248.0 83.7% 243.0 80.3% 0.07 2 2.0%
1 16 1 265.0 84.1% 261.0 80.6% 0.06 2 1.5%
1 32 0.25 439.0 82.8% 431.5 80.0% 0.85 9 1.7%
1 32 0.5 457.0 83.3% 448.5 80.1% 0.13 2 1.9%
1 32 1 491.0 83.7% 482.0 80.1% 0.10 2 1.8%
1 64 0.25 829.3 83.5% 814.5 80.1% 1.88 9 1.8%
1 64 0.5 865.0 84.4% 848.0 80.3% 0.37 5 2.0%
1 64 1 933.0 83.9% 914.0 80.1% 0.23 3 2.0%
2 16 0.25 252.3 83.0% 246.5 80.3% 0.26 2 2.3%
2 16 0.5 264.5 84.6% 256.5 80.2% 0.07 1 3.0%
2 16 1 285.0 84.8% 276.0 80.8% 0.06 0 3.2%
2 32 0.25 465.3 82.5% 457.8 80.3% 0.85 7 1.6%
2 32 0.5 486.0 82.9% 479.0 80.8% 0.22 5 1.4%
2 32 1 526.0 83.0% 517.0 80.2% 0.11 1 1.7%
2 64 0.25 880.8 83.0% 866.8 80.0% 1.93 10 1.6%
2 64 0.5 923.0 83.5% 905.5 80.2% 0.37 4 1.9%
2 64 1 998.0 83.6% 980.0 80.2% 0.27 3 1.8%
4 16 0.25 256.8 81.5% 254.3 80.2% 0.57 8 1.0%
4 16 0.5 268.5 82.4% 263.0 80.0% 0.15 4 2.0%
4 16 1 290.0 81.9% 286.0 80.7% 0.09 3 1.4%
4 32 0.25 477.8 82.4% 470.0 80.4% 0.82 6 1.6%
4 32 0.5 498.0 82.5% 489.5 80.4% 0.24 4 1.7%
4 32 1 540.0 83.5% 533.0 80.8% 0.16 3 1.3%
4 64 0.25 901.8 82.0% 891.0 80.2% 2.36 10 1.2%
4 64 0.5 945.0 82.1% 930.0 80.1% 0.54 6 1.6%
4 64 1 1026.0 82.4% 1012.0 80.6% 0.37 4 1.4%

of time below the target QoS (on average 48.3% versus 37.5%) than the ones that use the BI

matrix. This was expected, because when we use matrix H the number of costumers ejected from

the infinite-server system is greater than or equal to the number ejected when we use matrix BI .

We note that the results change considerably for different end-of-shift policies, indicating that it

is important to explicitly model this aspect, which has received little attention in the previous

literature.

6.4. Real-World Example: Emergency Department

In this Section we compare our lower bound with MOL requirements for an emergency department

(ED) in the Inwood neighborhood of northern Manhattan, studied by Green et al. (2006). Figure 4

shows the hourly arrival rates for weekdays we used to compute our lower bound, obtained through

visual inspection of the graph in Figure 1 of Green et al. (2006). Following Green et al. (2006), we

assumed that the average service time was 30 minutes and used a performance target that 80% of

the ED patients were seen within 1 hour.
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Figure 3 Our lower bound under preemptive and exhaustive disciplines for the case with µ=2, r=16, and

δ = 0.25.

Figure 4 Hourly patient arrivals rates in the ED.

Figure 5 Number of servers and QoS for the MOL requirements, our lower bound, and our lower bound

repaired to feasibility.

Figure 5 shows the MOL requirements, our lower bound, and our lower bound repaired to

feasibility, assuming a preemptive end-of-shift policy and a 3-hour staffing period, along with the

hourly average QoS associated with each set of requirements.

We see that the the MOL requirements meet the QoS target at all times while our lower bound

falls below the target (recall that our lower bounds are not intended to be sufficient). But we can

repair our lower bound (to obtain our lower bound, repaired) using the following simple heuristic:
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Figure 6 Hourly English call arrivals rates in the call center.

Increase the number of servers in staffing period 1 until the QoS target is met in that period, and

repeat this procedure, in sequence, for the remaining 7 periods. Our lower bound, repaired, meets

the QoS at all times, even though it is less expensive than MOL requirements. We found similar

results when we computed the requirements for 1-hour and 2-hour staffing periods, with the cost

of our lower bound being less than or equal to the cost of the MOL requirements.

6.5. Real-World Example: Call Center

We now compute our lower bound for the example of English calls to a bilingual call center in

Ertogal and Bamuqabel (2008). The authors combined a queueing approximation and a simulation

model to determine staffing levels for a call center, with the performance target that 80% of the

calls should be answered within 20 seconds. Figure 6 shows the total hourly English call arrival

rates for an average day obtained through visual inspection of the graph in Figure 1 of Ertogal and

Bamuqabel (2008) (10% of the calls demand service in English). The service time distribution was

assumed to be 8+ (660− 8)Beta(2.797,27.098) for English calls, with time measured in seconds.

Figure 7 shows our lower bound (assuming a preemptive discipline) and the staffing levels pro-

posed by Ertogal and Bamuqabel (2008), for the case of English calls. Figure 7 also shows the

hourly service levels for the staffing proposed in Ertogal and Bamuqabel (2008) obtained through

simulation with Rockwell Arena 5.0, assuming the arrival rates are as in Figure 6. We replicated

the simulation 80 times and recorded the service levels for the 4th day in each replication. We see

that our lower bound is very close to the staffing in Ertogal and Bamuqabel (2008) (the number

of servers differs by one in only 4 of the 24 periods), even though our lower bound can be obtained

with considerably less effort. The staffing in Ertogal and Bamuqabel (2008) falls below our lower

bounds in hours 4 and 5, which indicates that the QoS target is not met in those periods (the

graph shows the service level indeed falls below 80% in those periods). But we should keep in mind

that the arrival rates used to compute our lower bounds, obtained through visual inspection of a

graph, are likely to be a bit different from the original values in Ertogal and Bamuqabel (2008).



Campello and Ingolfsson: Staffing Requirements based on Comparison with Infinite-Server Models

21

Figure 7 Our Lower Bound and the Staffing levels proposed by Ertogal and Bamuqabel (2008) along with and

for English calls.

6.6. Tightening Staff Scheduling Formulations with Our Lower Bounds

Another benefit of our lower bounds is decreased computation times for scheduling methods that

use a lower bound as the starting point, such as the ICWC method. Note that finding tighter lower

bounds for the staffing requirements as we do here is similar to finding better valid inequalities in

order to tighten LP relaxations for an integer program.

We used both the original ICWC method and the ICWC method with our lower bounds as

a starting point to find solutions for the set of 27 test cases, including the shift constraints in

Appendix A of Ingolfsson et al. (2010). The solution costs are on average 0.4% lower with our lower

bounds. However, the larger impact is on the computation times, which are reduced on average

by 86.7% using our lower bounds. Our lower bounds are not only faster to compute, but they also

severely reduce the number of iterations required by the ICWC method from an average of 31.1

to an average of 2.2 iterations. This makes the ICWC method computationally competitive with

the typical approach, which uses staffing requirements (for example, ones generated with the SIPP

approach or one of its variants) as right-hand-sides in scheduling constraints in an integer program

that is solved once.

7. Summary and Conclusions

We obtained an exact lower bound on the staffing needed to ensure a desired QoS in nonstationary

service systems. To construct this lower bound, we proved stochastic comparison results between

the virtual waiting time in the system of interest and the pseudo virtual waiting time in an otherwise

identical infinite-server system. We show how these lower bounds can be constructed for systems

with both preemptive and exhaustive end-of-shift policies and for systems with abandonment. Our

results hold for various QoS measures, including tail probabilities for the virtual waiting time

(instantaneous or aggregated over periods), the expected virtual waiting time, and the probability

of abandonment.
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We found that the end-of-shift policy (preemptive or exhaustive) can have a large effect (around

10% for our test problems) on staffing requirements. We compared our lower bounds to staffing

requirements using the SIPP approximation and the MOL approximation, using a suite of 27 test

problems for which the SIPP approximation has been shown to perform poorly. The MOL staffing

requirements ensured the target QoS at all times in all test cases. Our lower bounds were close to

reaching the QoS target (average minimum QoS of 77% for a target of 80%), even though they

were only designed to be necessary conditions. We further showed that our lower bounds could be

repaired, at low computational cost, to achieve the QoS target at all times, at a staffing cost that

was 1.8% less, on average, than for the MOL requirements.

We further showed that our lower bounds can be used to tighten the scheduling optimization

problem discussed in Ingolfsson et al. (2010), allowing the method use in that paper to find low-cost

feasible schedules with 86.7% less computation time, on average, than with previously used, looser,

lower bounds. Other related scheduling methods might also benefit from our lower bounds.

The lower bounds we propose are relatively easy to compute and provide a starting point for

finding low-cost staff schedules that satisfy QoS targets. Furthermore, in situations where it is not

essential that the QoS target be met at all times, our lower bounds (without repair) could perhaps

be used directly.
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Appendix

A. Alternative Lower Bound for the Exhaustive Discipline Case

We examine an alternative way of using an infinite-server system to obtain lower bounds on the number of

servers and the virtual waiting time for a finite-server system in which the number of servers varies with

time under an exhaustive discipline. In this case, given that δ1 servers are scheduled to leave the finite-server

system at time t1, the state probabilities in the infinite-server system undergo instantaneous transitions

according to the matrix BI in (14).

Since we assume that NF (t
−

1 )≥NI(t
−

1 ), there are three possibilities for the distribution of the number of

customers in the two systems after the ejection:

1. If NF (t
−

1 )≥NI(t
−

1 )≥ s0,

P (NF (t
+
1 ) = n) =

{

1, for n=NF (t
−

1 )− δ1
0, otherwise

(25)

P (NI(t
+
1 ) = n) =

{

1, for n=NI(t
−

1 )− δ1
0, otherwise

(26)
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2. If NF (t
−

1 )≥ s0 ≥NI(t
−

1 ),

P (NF (t
+
1 ) = n) =

{

1, for n=NF (t
−

1 )− δ1
0, otherwise

(27)

P (NI(t
+
1 ) = n) =

{

φ(NI(t
−

1 )−n; δ1, s0,NI(t
−

1 )), for LI ≤ n≤UI

0, otherwise
(28)

where LI = [NI(t
−

1 )− δ1]
+ and UI =min(NI(t

−

1 ), s0 − δ1).

3. If s0 ≥NF (t
−

1 )≥NI(t
−

1 ),

P (NF (t
+
1 ) = n) =

{

φ(NF (t
−

1 )−n; δ1, s0,NF (t
−

1 )), for LF ≤ n≤UF

0, otherwise
(29)

where LF = [NF (t
−

1 )− δ1]
+ and UF =min(NF (t

−

1 ), s0− δ1).

P (NI(t
+
1 ) = n) =

{

φ(NI(t
−

1 )−n; δ1, s0,NI(t
−

1 )), for LI ≤ n≤UI

0, otherwise.
(30)

In cases 1 and 2 it is straightforward to show that P (NF (t
+
1 )> a)≥ P (NI(t

+
1 )> a), for all a, and therefore

NF (t
+
1 )≥st NI(t

+
1 ). For case 3, the same ordering can be proven using the method proposed by Klenke and

Mattner (2010) to prove the likelihood ratio ordering between NF (t
+
1 ) and NI(t

+
1 ). We say that NF (t

+
1 )

is greater than NI(t
+
1 ) in the monotone likelihood ratio order, NF (t

+
1 ) ≥lr NI(t

+
1 ), if the likelihood ratio

l(n) = P (NI(t
+
1 ) = n)/P (NF (t

+
1 ) = n) is nonincreasing in n. According to Remark 2.1 and Proposition 2.1

in Klenke and Mattner (2010), in order to prove that NF (t
+
1 )≥lr NI(t

+
1 ), it is enough to show that l(n) is

monotone decreasing in the interval LF ≤ n ≤ UI , l(LI) ≥ 1 (left-tail condition), and l(UF ) ≤ 1 (right-tail

condition). Since the likelihood ratio ordering implies the conventional stochastic ordering (Ross 1996), we

conclude that NF (t
+
1 )≥st NI(t

+
1 ) in case 3. The argument can be repeated to show that NI(t)≤st NF (t) for

all t.

If the service times are exponentially distributed, then NI(t)≤st NF (t) implies WI(t)≤st WF (t) (based on

a minor modification of Theorem 4 in Bhaskaran (1986)).

B. Sample Path versus Hazard Rate Ordering: Counter Example

Let X and Y be two random variables with joint probability density function (pdf):

fX,Y (x, y) =







10
27
, for 1≤ y < 2, 0≤ x< 1

1
27
, for 2≤ y < 6, 0≤ x< y or 1≤ y < 2, 1≤ x< y or 0≤ y < 1, 0≤ x< y

0, otherwise
(31)

This pdf is only different from 0 in the gray region in Figure 8, where 0≤ y≤ 6 and x≤ y. Furthermore, the

probability density is higher in the crosshatched area where 1≤ y≤ 2 and 0≤ x≤ 1.

It is easy to see that the sample path ordering of X and Y holds, as Pr{X ≤ Y }= 1, but we show that

the hazard rate ordering does not hold in this case. The random variable Y is said to be larger than the

random variable X in a hazard rate ordering sense if Pr{Y > τ + a|Y > τ} ≥ Pr{X > τ + a|X > τ} for all

τ, a. Assume that τ =1 and a= 1. In this case we have:

Pr{X > τ + a|X > τ}=Pr{X > 2|X > 1}=
Pr{X > 2}

Pr{X > 1}
=

1
27

(6−2)2

2

1
27

(6−1)2

2

=
16

25
= 0.64 (32)
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Figure 8 Joint pdf for X and Y .

Pr{Y > τ + a|Y > τ}=
Pr{Y > 2}

Pr{Y > 1}
=

1
27

(2+6)(6−2)

2

1
27

(2+6)(6−2)

2
+ 1

27

(2−1)2

2
+ 10

27
(2− 1)(1− 0)

=
32

53
≈ 0.60 (33)

Since Pr{Y > 2|Y > 1} < Pr{X > 2|X > 1} we conclude that although Pr{X ≤ Y } = 1, Y is not larger

than X in a hazard rate ordering sense, and therefore the sample path ordering does not necessarily imply

the hazard rate ordering.
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