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Emerging infectious diseases are a concern for wildlife and human health. To understand, prevent, and control 

infectious diseases, it can be helpful to use mathematical models. West Nile virus is a new infectious disease in 

North America. The virus is transmitted back and forth continually between mosquitoes and birds, and 

occasionally is transmitted from mosquitoes to humans. We developed a mathematical model to represent the 

West Nile virus outbreak in North America. We then used the model to determine whether it would be more 

effective to remove mosquitoes or remove birds to prevent disease outbreaks. Our model showed that reducing 

mosquito abundances would help prevent an outbreak. Reducing bird abundances, however, would have the 

opposite effect, increasing the chance of an outbreak. 

 

 

1. INTRODUCTION 

 

  Emerging infectious diseases are a growing aspect of global 

change. These diseases are major challenges for public health, 

agriculture, and wildlife management. Most infectious diseases of 

humans originate from other host animals, and many are 

transmitted by an insect vector such as a mosquito. Examples 

include malaria, yellow fever, and West Nile virus. Controlling 

host-vector diseases can be very difficult. This study focuses on 

the outbreak of the emerging infectious disease West Nile virus in 

North America.  

  A West Nile virus infection can be fatal for birds and 

mammals, including humans. Beginning in 1999, the virus spread 

across the continent, causing an unexpectedly high number of 

bird, horse, and human fatalities (Figure 1). This surprising effect 

prompted a strong public health interest in understanding, 

preventing and controlling West Nile virus outbreaks. 

Figure 1  Percent of dead American crows in New York City in 2000 that 

tested positive for West Nile virus. Data are redrawn from Bernard et al. 2001 

 

 

  Since West Nile virus lives in mosquitoes and birds, it could 

conceivably be controlled by eradicating mosquitoes or 

eradicating birds. Which of these approaches would be more 

effective? We used a mathematical model to investigate how the 

reduction of bird and/or mosquito populations would affect a 

West Nile virus outbreak. 

 

2.  MODEL DEVELOPMENT 

 

 We based our model on the classic infectious disease model 

initially developed by scientists Kermack and McKendrick, and 

subsequently modified for host-vector diseases by scientists 

Anderson and May. In this approach, the model keeps track of the 

number and fate of hosts and vectors that are and are not infected 

with the virus.  

 

2.1  BIRDS 

 

 First, we considered the bird population in New York City 

during the 2000 West Nile outbreak. All the birds in that 

population can be classified into one of two groups: those that 

were infected with West Nile virus, and those that were not. (The 

third group of birds, the dead ones, doesn’t influence the disease 

dynamics.) In epidemiological terminology, the birds that have 

West Nile virus are called infectious, and those that don’t have it 

are called susceptible. So, our model needed to keep track of the 

number and fate of infectious and susceptible birds. 

  We visualized these two bird groups in a flow chart, as shown 

in Figure 2. Two boxes represent the number of infectious birds, 

abbreviated IB, and the number of susceptible birds, abbreviated 

SB. In this standard terminology, I and S refer to infectious and 

susceptible, respectively, and the subscript B indicates that these 

are birds. If a bird gets infected, it is subtracted from the 

susceptible group and added to the infectious group, as indicated 

by the arrow. Since all infectious crows die shortly after 



becoming infected, we added another arrow allowing birds to be 

subtracted from the infectious group. 

  Because we restricted our model to a single summer, we 

assumed that any births that year had already taken place earlier in 

the spring, and that the natural bird death rate was negligible over 

that time period, so we omitted bird births and natural deaths from 

the model. 

 

2.2  MOSQUITOES 

 

  Next, we considered the mosquito population. Again, all the 

mosquitoes in New York City can be divided into the infectious 

ones that carried West Nile virus, IM, and the susceptible ones that 

didn’t, SM. If a mosquito contracts the virus, it is subtracted from 

the susceptible group and added to the infectious group, as shown 

by the arrow. 

 Unlike for birds, we had to consider the mosquito birth and 

death rates. A female mosquito’s lifespan is approximately 33 

days, during which time she may lay approximately 10 egg 

masses, each of which takes approximately 15 days to mature into 

biting adults. During a summer season, a mosquito population 

would therefore move through multiple generations. To account 

for this process, we allowed both susceptible and infectious 

mosquitoes to give birth to new susceptible individuals. The birth 

rate is abbreviated b. We also allowed mosquitoes to be 

subtracted from both groups by dying, and the death rate is 

abbreviated as k. 

 

2.3  BIRD-MOSQUITO INTERACTION 

  

  The final step was to consider how the bird and mosquito 

populations interact with each other. A bird can be infected if it is 

bitten by an infectious mosquito. Likewise, a mosquito can be 

infected if it bites an infectious bird. In this way, the infection is 

transmitted from birds to mosquitoes to birds, and so on. 

  To represent these interactions, we added two dashed arrows. 

The lower arrow indicates that infectious mosquitoes can infect 

birds, and the upper one indicates that infectious birds can infect 

mosquitoes. Both arrows are labelled with the mosquito biting 

rate, r, and the probabilities of disease transmission, p and q. 

 

Figure 2 Model for West Nile Virus 

 

2.4.  RESTRICTIONS AND ASSUMPTIONS 

 

  To help keep our West Nile virus model simple and realistic, 

we restricted it to treat certain species and a particular time frame, 

as follows: 

1. We restricted the model to bird hosts and mosquito vectors. 

Although it spreads occasionally to other vertebrates, including 

humans, it seems generally not to return from them to mosquitoes.  

2. We developed the model around specific mosquito and 

bird species: the dominant North American vector mosquitoes 

Culex pipiens., and the bird species with the best available 

infection and mortality data, the American crow Corvus 

brachyrhyncos.  

3. We confined the model to represent a single north-

temperate summer season, and validated it by comparing it to the 

best available dataset at the time, the New York City outbreak of 

2000. 

  We also made some simplifying assumptions to keep the 

model as straightforward as possible. 

1. Since birds live much longer and reproduce more slowly 

than mosquitoes, we assumed their per capita birth and death rates 

were negligible for a single season and therefore left them out of 

the model. 

2. We assumed that all infectious mosquitoes give birth to 

uninfected offspring. Laboratory work has shown that virus 

transmission occurs at the extremely low level of approximately 

0.1%. 

3. We assumed that the mosquito population remained 

constant all summer even though it may fluctuate during the 

summer according to temperature and precipitation.  

4. We assumed that a mosquito carrying West Nile virus 

cannot lose its infection. We don’t know for certain if this is true. 

5. We assumed that an infected mosquito does not die of the 

virus, and is not in any other way affected by it.  

6. We omitted two particular aspects of the mosquito life 

cycle and infection cycle. (1) Mosquitoes give birth to aquatic 

larvae, which require approximately 15 days to mature into biting 

adults. (2) Laboratory work shows that a mosquito that contracts 

West Nile must incubate the virus for approximately 8 – 12 days 

before it can be transmitted to a bird.  

7. We assumed that birds could get infected with West Nile 

virus only by being bitten by an infectious mosquito. 

8. We assumed that a hungry mosquito could always find a 

bird to bite.  

2.5. MODEL VARIABLES AND PARAMETERS 

  In mathematical modeling terminology, SB, IB, SM, and IM are 

known as variables. Since we were interested in how the values of 

these variables change over time, we defined time as an additional 

variable, denoted t. The fate of individuals in each group is 

described by parameters, which are indicated in Figure 2 by 

arrows. We estimated the values of the parameters from published 

biological literature on birds and mosquitoes.  

 For birds, we needed to estimate the parameter v, the death 

rate from the virus, which we did as follows. An infectious crow 

dies from West Nile virus in approximately 5 days. In other 

words, an infectious crow has an approximate probability of 1/5 = 

0.20 of dying every day. We can therefore say 0.20 is the 

approximate proportion of the infectious crow population that dies 
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every day. This is known as the average per capita daily death rate 

for infectious crows, abbreviated v.  

 We used similar calculations for the mosquito birth and death 

rate parameters. The average lifespan for an adult female Culex 

pipiens mosquito is approximately 33 days. Thus, an individual 

mosquito has a daily probability of dying of 1/33 = 0.03. This is 

the mosquito average per capita daily death rate, which we 

abbreviated k.  

  Since we assumed, for simplicity, that the mosquito 

population remains constant over the summer, we set the daily per 

capita mosquito birth rate, abbreviated b, equal to the death rate, 

k. 

 The parameters associated with the dashed arrows in Figure 2 

required a little extra consideration. In general, it seemed 

reasonable that West Nile virus transmission should depend on 

the mosquito biting rate, the proportion of bites that actually 

transmit the disease, and the relative numbers of mosquitoes and 

birds. An adult female mosquito lives in a continuous cycle of 

feeding, laying eggs, feeding, laying eggs, and so on. It takes 

approximately 2.3 days for a mosquito to convert a blood meal 

into a batch of eggs, so the maximum biting rate for an individual 

mosquito is approximately once every 2.3 days. This gives an 

average daily per capita biting rate of 1/2.3 ≈ 0.44 bites per 

mosquito per day, denoted r. By assuming that mosquitoes were 

biting at their maximum rate, our model used so-called frequency-

dependent transmission dynamics. 

 The remaining two parameters were disease transmission 

probabilities. From laboratory work, we knew that not every bite 

by an infectious mosquito or on an infectious bird leads to virus 

transmission. From infectious mosquitoes to birds, the 

transmission probability is ≈0.88 (denoted p). From infectious 

birds to mosquitoes, it is only ≈0.16 (denoted q).  

 

2.6.  MATHEMATICAL EQUATIONS 

 

 We converted the flow chart diagram in Figure 2 into a 

system of mathematical equations. There is one ordinary 

differential equation for each group, or variable. 

 The equation for the rate of change in the number of 

susceptible birds is: 

                                                     Equation 1  

 Equation 1 tracks the change in the number of susceptible 

birds over time. The expression on the left-hand side, dSB /dt, is 

the derivative of SB with respect to t, or the instantaneous rate of 

change in the number of susceptible birds. The right-hand side is 

made up of model parameters and variables. 

 The parameter r is the per capita daily mosquito biting rate: 

the number of bites per mosquito per day. The parameter p is the 

probability that a bite by an infectious mosquito will infect a bird. 

Thus, the product rp is the per capita disease-transmitting biting 

rate: the number of disease-transmitting bites per infectious 

mosquito per day. The variable IM is the number of infectious 

mosquitoes. Thus, the product rpIM is the total disease-

transmitting biting rate: the number of disease-transmitting bites 

per day across the entire mosquito population. 

 The fraction SB/NB is the proportion of birds that are 

susceptible. Thus, the product rpIMSB/NB is the complete disease-

transmitting biting rate: the number of disease-transmitting bites 

per day by infectious mosquitoes on susceptible birds. In other 

words, it is the daily rate at which susceptible birds become 

infected. The term rpIMSB/NB is negative in Equation 1, because 

infected birds are removed from the susceptible group and added 

to the infectious group. 

 The equation for the rate of change in the number of 

infectious birds is: 

                                                Equation 2  

  Equation 2 tracks the change in the number of infectious 

birds over time. The expression on the left-hand side, dIB /dt, is 

the derivative of IB with respect to t, or the instantaneous rate of 

change in the number of infectious birds.  The right-hand side is made up of model parameters and variables, and describes the instantaneous rate of change of the number of infectious birds.  

  The first term on the right-hand side, rpIMSB/NB is the same as 

the term on the right-hand of Equation 1.  The term is negative in 

Equation 1, since infected birds are removed from the susceptible 

group, and positive in Equation 2, since infected birds move into 

the infectious group.  The second term is vIB. The parameter v is 

the per capita daily death rate caused by West Nile virus infection, 

or the proportion of the infectious bird population that dies every 

day. The product vIB is therefore the total number of infectious 

birds that die from the virus every day. This term is subtracted, 

since the number of infectious birds is decreased when some of 

them die. When these two terms are taken together, we can see 

that adding the rate at which new infectious birds arise and 

subtracting the death rate gives the rate of change in the number 

of infectious birds. 

                                      Equation 3 

 Equation 3 tracks the change in the number of susceptible 

mosquitoes over time. The expression on the left-hand side, is 

instantaneous rate of change in the number of susceptible 

mosquitoes.  

 On the right-hand side, the first term is bSM. The parameter b 

is the per capita daily mosquito birth rate. The product bSM is 

therefore the total number of new mosquitoes produced per day. 

This rate is positive, since new mosquitoes are added to the 

susceptible group. The second term is kSM. The parameter k is the 

per capita daily mosquito death rate. The product kSM is therefore 

the total number of mosquitoes that die each day, or the total 

death rate. This term is subtracted, since dead mosquitoes move 

out of this group. The first two terms together, bSM kSM give the 

net rate of change in the number of susceptible mosquitoes due to 

births and deaths. 
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 The third term is rqSMIB/NB. The parameter r is the per capita 

daily mosquito biting rate: the number of bites by a mosquito each 

day. The parameter q is the probability that biting an infectious 

bird will infect a mosquito. Thus, the product rq is the per capita 

disease-contracting biting rate: the number of disease-contracting 

bites per mosquito per day. The variable SM is the number of 

susceptible mosquitoes. Thus, the product rqSM is the total 

disease-contracting biting rate: the number of bites per day that 

lead to the disease being contracted by susceptible mosquitoes. 

The fraction IB/NB is the proportion of birds that are infectious. 

Thus, the product rpSMIB/NB is the complete disease-contracting 

biting rate: the number of disease-contracting bites per day by 

susceptible mosquitoes on infectious birds. In other words, it is 

the daily rate at which susceptible mosquitoes become infected.  

 The term rpSMIB/NB is subtracted in Equation 3, since infected 

mosquitoes are removed from the susceptible group, and added in 

Equation 4, since infected mosquitoes move into the infectious 

group. When these three terms are taken together, we can see that 

adding the birth rate, subtracting the death rate, and subtracting 

the rate at which new infectious mosquitoes arise gives the total 

rate of change in the number of susceptible mosquitoes. 

  

                                             Equation 4 

 

 Equation 4 tracks the change in the number of infectious 

mosquitoes over time. The expression on the left-hand side, is the 

instantaneous rate of change in the number of infectious 

mosquitoes.  

 On the right-hand side, the first term rqSMIB/NB is the same as 

the third term on the right-hand side of Equation 3, through it is 

positive in Equation 4 because infected mosquitoes move into the 

infectious group. The parameter q is the probability that biting an infectious bird will infect a mosquito. Thus, the product rq is the per capita disease-contracting biting rate: the number of disease-contracting bites per mosquito per day. 

 The second term is kIM. The parameter k is the per capita 

daily mosquito death rate. The product kIM is therefore the total 

number of mosquitoes that die each day, or the total death rate. 

This term is subtracted, since dead mosquitoes are removed from 

this group. 

 When these two terms are taken together, we can see that 

adding the rate at which new infectious mosquitoes arise and 

subtracting the death rate gives the total rate of change in the 

number of infectious mosquitoes. 

3.  MODEL SIMULATIONS 

  In order to visualize the model’s predictions, we needed to 

simulate the model. To do this, we gave each parameter its 

average value and we gave each of the variables, SB, IB, SM, and 

IM, an arbitrary initial value.  

      We then used a computer program to calculate the changes in 

each variable over time, for 120 days. The simulation results are 

visualized on graphs showing how the numbers of susceptible and 

infectious birds and mosquitoes are predicted to change over time 

(Figure 3). 

Figure 3  

  

 

 

 

  The upper panel shows changes in the abundance of the two 

bird groups, susceptible (SB) and infectious (IB), and the lower 

panel shows changes over time in the abundances of the two 

mosquito groups, over 120 days following the introduction of 

West Nile virus to the bird-mosquito system. 

  We validated the model by comparing the simulations to 

observed data, and found that its predictions were sufficiently 

realistic to be useful.  Based on this result, we continued to 

investigate the model to determine how best to control a potential 

West Nile outbreak. 

4.  DISEASE CONTROL 

4.1  DISEASE REPRODUCTION NUMBER R0 

  R0 (“R-zero” or “R-naught”) is defined as the number of new 

infections that would result from the introduction of a single 

infectious individual (bird or mosquito) into an entirely 

susceptible population of birds and mosquitoes.  

  What does the reproduction number mean in practice? If the 

value of R0 is less than one, it means that one infectious individual 

would generate, on average, fewer than one new infection. In this 

case, the disease would die out. On the other hand, the value of R0 

could be greater than one. In this case, an infectious individual 
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would generate, on average, more than one new infection, and a 

disease outbreak would occur.  

  R0 is calculated from the equations for the disease model, and 

is an expression composed of the model’s parameters and the 

initial values of the variables. In many cases, these parameters and 

initial values can be manipulated by humans to increase or 

decrease R0.  Thus, examining the expression for R0 can help us 

figure out the best way to try to prevent a disease outbreak. 

 For our model, the R0 calculation gives the expression: 

 

                               Equation 5 

 
Here, the subscript 0 in NM0 and NB0 indicates the initial values of 

these variables, on day 0. (In contrast, the subscript 0 in R0 does 

not indicate day 0 – it’s just the conventional abbreviation for the 

disease reproduction number.) The expression on the right-hand 

side is made up of model parameters and the initial values of two 

of the variables. It consists of two fractions under a square root 

sign. 

  The first fraction is rp/k. The parameter r is the per capita 

daily mosquito biting rate: the number of bites by a mosquito each 

day. The parameter p is the probability that a bite by an infectious 

mosquito will infect a bird. Thus, the product rp is the per capita 

disease-transmitting biting rate: the number of disease-

transmitting bites per infectious mosquito per day. The parameter 

k is the per capita daily mosquito death rate: the chance a 

mosquito has of dying each day. (In other words, 1/k is the 

mosquito’s average lifespan.) The first fraction can thus be read as 

the number of birds an infectious mosquito can bite and infect 

each day (rp), multiplied by the number of days the mosquito 

lives (1/k). In other words, it is the number of bird infections 

caused by a single infectious mosquito before it dies. 

  The second fraction is composed of the two factors rq/v and 

NM0/NB0. In the first factor, the parameter r is the per capita daily 

mosquito biting rate: the number of bites by a mosquito each day. 

The parameter q is the probability that biting an infectious bird 

will infect a mosquito. Thus, the product rq is the per capita 

disease-contracting biting rate: the number of disease-contracting 

bites per mosquito per day. The parameter v is the per capita daily 

bird death rate caused by West Nile virus. In other words, it is the 

chance a bird has of dying each day. Therefore, 1/v is the average 

lifespan of an infectious bird. This factor can thus be read as the 

number of mosquitoes an infectious bird can infect each day (rq), 

multiplied by the number of days the bird lives (1/v). In other 

words, it is the number of mosquito infections caused by a single 

infectious bird before it dies. 

  In the second factor, the variable NM0 is the initial number of 

mosquitoes and the variable NB0 is the initial number of birds.  

This factor appears in this term because the number of mosquitoes 

that a bird can infect depends on the number of mosquitoes biting 

that bird, which depends of the number of mosquitoes per bird, 

NM0/NB0.  

 

4.2  INTERPRETING R0 

 

  Even without calculating the value of R0, the structure of 

Equation 5 gives us some insight into how to prevent a West Nile 

virus outbreak. We know that higher R0 values (above one) mean 

a greater chance of an outbreak and lower R0 values (below one) 

mean a lesser chance of an outbreak. Simply by looking at the 

expression for R0, we see that the mosquito abundance is in the 

numerator and the bird abundance in the denominator. This tells 

us that decreasing the mosquito abundance would decrease R0, 

and decrease the chance of an outbreak. It also tells us that 

decreasing the bird abundance would have the opposite effect: it 

would increase R0, and increase the chance of an outbreak. We 

visualize this relationship by plotting R0 as a function of the 

relative numbers of mosquitoes and birds. 

 

Figure 5  

 

 

The solid line plots R0 and the dashed line plots the threshold 

value of one, above which a disease outbreak will occur and 

below which it will not. The expression for R0 allows us to 

calculate the threshold number of mosquitoes per bird that would 

lead to a West Nile virus outbreak. We determine this number by 

setting R0 to its threshold value of one, and rearranging Equation 

5 to solve for the threshold value of the ratio NM0/NB0. Above this 

threshold, a disease outbreak would be predicted to occur. Below 

the threshold, it would not.  We found that a 40% to 70% 

reduction in the mosquito population would have prevented the 

outbreak in New York City in 2000. 

 

5.  CONCLUSIONS 

 

 Is it more effective to control West Nile virus by reducing 

birds or by reducing mosquitoes? By constructing and analyzing a 

model of West Nile virus, we were able to answer this question. 

We hope that results from this model will be useful in designing 

strategies to control West Nile virus in specific locations. 

However, we expect that the model’s parameter values will differ 

from place to place. Therefore, before the model can be applied to 

a given locale, biological research must be done to determine 

accurate parameter values for that place. In future work, we would 

like to build a series of different models for West Nile virus to 

determine which of our assumptions and restrictions make the 

model generate less or more accurate predictions. 
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